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STABILITY CONDITIONS ON AFFINE NOETHERIAN SCHEMES AND
APPLICATIONS
KOTARO KAWATANI
Abstract. We show that the existence of locally finite stability conditions on the bounded
derived category Db(X) of coherent sheaves on an affine Noetherian scheme X is equivalent to
dimX = 0. We also study the spaces of stability conditions on the category of morphisms MX
in the derived category of the scheme X and show that the spaces of stability conditions on
Db(X) and MX are homotopy equivalent to each other.
1. Introduction
Let Db(X) be the bounded derived category of coherent sheaves on an algebraic variety X.
The space StabDb(X) of stability conditions on Db(X), introduced by Bridgeland [7], is an
effective mathematical object for the study of algebraic geometry. For instance StabDb(X) has
many applications not only to the derived category Db(X) (for instance, [8] and [3]) but also
to moduli spaces of sheaves on the variety X (for instance [2], [4] and [5]).
However the non-emptiness of StabDb(X) is non-trivial and fundamental. If X is smooth
and projective with dimX ≤ 2, then StabDb(X) is not empty by [1] and [7]. If X is smooth and
projective with dimX = 3, the generalized Bogomolov-Gieseker inequality introduced by Bayer-
Macr`ı-Toda [6] implies the existence of stability conditions. Thus one could expect StabDb(X)
is non-empty if X is smooth and projective.
On the other hand, if X is not projective, the situation might be worse. For instance,
the space StabDb(A1k) of stability conditions on the affine line A1k over a field k is empty by
the author [11, Proposition 3.5]. One of aims is a generalization of nonexistence of stability
conditions. In Corollary 3.9, we show that the non-emptiness of StabDb(X) is equivalent to
dimX = 0 for an affine Noetherian scheme X.
In the previous work [11, Proposition 3.5], a key ingredient is the formality of Db(A1k) which
means any object in Db(A1k) is isomorphic to the direct sum of shifts of sheaves. Instead of the
formality, we show that the support of stable objects in Db(X) is a closed point of the affine
Noetherian scheme X.
We further study the space of stability conditions on morphisms in the bounded derived cat-
egory of an affine Noetherian scheme. Note that the category of morphisms in a triangulated
category is not triangulated in general. Recall that the derived category Db(X) of a Noether-
ian scheme X is obtained by the homotopy category h(Dbcoh(X)) of a stable infinity category
Dbcoh(X) of quasi-coherent sheaves with bounded coherent cohomologies. Then the homotopy
category h(Dbcoh(X)
∆1) of the infinity category Dbcoh(X)
∆1 of morphisms in the infinity cate-
gory Dbcoh(X) is triangulated, and hence is a reasonable candidate of the triangulated category
of morphisms in Db(X). From now on let us denote by MX the category h(D
b
coh(X)
∆1) of
morphisms. We note that MX is equivalent to the bounded derived category of representations
of the A2 quiver when X is the affine scheme of a field by [11, Corollary 6.2]. Moreover, if X
is a smooth projective curve C (over C), then MC is equivalent to the derived category TC of
holomorphic triples on C which is introduced by Mart´ınez-Romero-Rinco´n-Hidalgo-Ru¨ffer [13].
Basically we are interested in a relation between the spaces of stability conditions on Db(X)
and on MX (cf. [11, Problem 1.1]). The following is a basic problem:
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Problem 1.1 ([11, Problem 1.1]). Is StabMX homotopy equivalent to StabD
b(X)?
One of the natural expectations is that these spaces of stability conditions are both con-
tractible, in particular they are homotopy equivalent to each other. However it seems difficult
to prove the homotopy equivalence in general.
The second aim is to show that the answer to Problem 1.1 is affirmative when X is an affine
Noetherian scheme. To show this, in Proposition 4.1, we show that an analogous statement
to Corollary 3.9 holds. As a consequence, we obtain the following characterization of zero
dimensional Noetherian ring:
Theorem 1.2 (=Corollary 4.2). Let X be an affine Noetherian scheme. Then the following
are equivalent to each other.
(1) dimX is zero, (2) StabDb(X) is non-empty, and (3) StabMX is non-empty.
Thus the spaces of stability conditions on Db(X) and on MX are empty when dimX > 0.
Hence nothing to study. We finfally study the space StabMX when X is a zero-dimensional
affine Noetherian scheme and the answer to problem [11, Problem 1.1] is affirmative when X is
an affine scheme. Namely we show the following:
Theorem 1.3 (=Corollary 4.11). Let X be an affine Noetherian scheme. StabMX is homotopy
equivalent to StabDb(X).
2. Preliminaries
2.1. Derived categories of coherent sheaves. Let X be a Noetherian scheme and Db(X)
be the bounded derived category of coherent sheaves on X. A global function r ∈ H0(X,OX)
gives an endomorphism µr : E → E of E ∈ Db(X) via multiplication by r. We refer to the
morphism µr as the multiplication by r ∈ H0(X,OX). The multiplication µr is just the value
of the morphism µ as algebras
(2.1) µ : Γ(X,OX) ∼= HomDb(X)(OX ,OX)→ HomDb(X)(E,E).
The following condition for an object E ∈ Db(X) is crucial for us:
Definition 2.1. An object E in Db(X) has the isomorphic property if E satisfies the following:
(Ism) For any r ∈ R, the morphism µr : E → E is an isomorphism if µr is non-zero.
Recall that the support SuppE of a complex E ∈ Db(X) is the union of the support of the
i-th cohomology of E:
SuppE =
⋃
i∈Z
SuppH i(E).
Note that SuppE is closed since E is a bounded complex.
2.2. Inducing stability conditions. Let D be a triangulated category. Following the original
article [7], the set of locally finite stability conditions on D is denoted by StabD. Recall that
a stability condition consists of a pair σ = (Z,P) where Z is a group homomorphism from
the Grothendieck group of D to C and P = {P(φ)}φ∈R is the collection of full sub-abelian
categories P(φ) of D. An object A ∈ D is said to be σ-semistable if A is in P(φ) and A is
non-zero. Moreover the object A is said to be σ-stable if A is simple in P(φ).
An exact functor F : D→ D′ between triangulated categories does not induces a map between
spaces of stability conditions in general. However, a “good” functor F : D→ D′ induces a map
F−1 from a subset of StabD′ to StabD due to Macr´ı-Mehrotra-Stellari [12]. Let us briefly recall
the construction of F−1.
Let F : D→ D′ be an exact functor between triangulated categories. Assume that F satisfies
the following additional condition
(Ind) HomD′(F (a), F (b)) = 0 implies HomD(a, b) = 0 for any a, b ∈ D.
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Let σ′ = (Z ′,P ′) ∈ StabD′. Define F−1σ′ by the pair (Z,P) where
(2.2) Z = Z ′ ◦ F, P(φ) = {x ∈ D | F (x) ∈ P ′(φ)}.
By the definition of F−1σ′, the pair F−1σ′ is a stability condition on D if and only if F−1σ′
has the Harder-Narasimhan property.
Lemma 2.2 ([12, Lemma 2.9]). Notation is the same as above. The map F−1 : Dom(F−1) →
StabD is continuous.
Remark 2.3. Recall that the universal cover G˜L
+
2 (R) of GL+2 (R) has the right action to the
space of stability conditions. The map F−1 is G˜L
+
2 (R)-equivariant by the definition of F−1.
2.3. Semiorthogonal decompositions and stability conditions. Collins–Polishchuck [9]
proposed a construction of stability conditions on a triangulated category D from a semiorthog-
onal decomposition. A key ingredient of the construction is a reasonable stability condition on
a triangulated category.
Definition 2.4 ([9, pp. 568]). A stability condition σ = (A, Z) on a triangulated category D
is reasonable if σ satisfies
0 < inf{|Z(E)| ∈ R | E is semistable in σ}.
Remark 2.5. A reasonable stability condition is locally finite by [9, Lemma 1.1]. Unfortunately
we do not know whether the converse holds or not. For instance, if rankK0(D) = 1, then any
stability condition on D is reasonable.
Let D be a triangulated category. Recall that a pair (D1,D2) of full triangulated subcate-
gories of D is said to be a semiorthogonal decomposition of D if the pair satisfies
(1) HomD(E2, E1) = 0 for any Ei ∈ Di (i = 1, 2), and
(2) any object E ∈ D is decomposed into a pair of objects Ei ∈ Di (i = 1, 2) by the following
distinguished triangle in D:
E2 // E // E1 // E2[1].
The situation will be denoted by the symbol D = 〈D1,D2〉 or simply 〈D1,D2〉. In addition to
the first condition (1) above, if HomD(E1, E2) = 0 holds, the semiorthogonal decomposition is
said to be orthogonal.
Proposition 2.6 ([9]). Let 〈D1,D2〉 be a semiorthogonal decomposition of a triangulated cate-
gory D. The left adjoint of the inclusion D1 → D is denoted by τ1 and the right adjoint of the
inclusion D2 → D is denoted by τ2. Let σi = (Zi,Pi) be a reasonable stability condition on Di
for i ∈ {1, 2}. Suppose that σ1 and σ2 satisfy the following conditions
(1) Hom≤0D (P1(0, 1],P2(0, 1]) = 0 and
(2) There is a real number a ∈ (0, 1) such that Hom≤0D (P1(a, a+ 1],P2(a, a+ 1]) = 0.
Then there exists a unique reasonable stability condition gl (σ1, σ2) on D glued from σ1 and
σ2 whose heart A of the t-structure of gl (σ1, σ2) is given by
A = {E ∈ D | τi(E) ∈ Pi ((0, 1]) (i = 1, 2)}
and whose central charge Z is given by Z(E) = Z1(τ1(E)) + Z2(τ2(E)).
2.4. A category of morphisms. Let Db(X) be the bounded derived category of coherent
sheaves on a Noetherian scheme X. The category of morphisms in Db(X), introduced by the
author, is one of generalizations of the derived category of representations of the A2 quiver. Let
us briefly recall the construction.
Let Dbcoh(X) be the stable infinity category of quasi-coherent sheaves on a Noetherian scheme
X with bounded coherent cohomologies. Then the homotopy category h(Dbcoh(X)) of the infinity
category is equivalent to the derived category Db(X).
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The homotopy category h(Dbcoh(X)
∆1) of the infinity categoryDbcoh(X)
∆1 of morphisms in the
infinity category Dbcoh(X) is a reasonable candidate of a triangulated category of morphisms in
Db(X). Thus we refer to h(Dbcoh(X)
∆1) as the category of morphisms in Db(X) = h(Dbcoh(X)).
Definition 2.7. Let X be a Noetherian scheme. The category of morphisms in X is denoted
by MX . If X is the affine scheme of a Noetherian ring R, we simply write MSpecR as MR.
Note that a morphism [f : E → F ] in Db(X) determines an object in MX . There exist pairs
of adjoint functors between Db(X) and MX :
Db(X) s //MX
d0oo
d1oo
; d0 a s a d1,
where d0([E → F ]) = F , d1([E → F ]) = E and s(E) = [idE : E → E]. Moreover d1 has the
right adjoint j! and d0 has the left adjoint j∗
j! : D
b(X)→MX and j∗ : Db(X)→MX ,
where j!(E) = [E → 0] and j∗(E) = [0→ E].
Lemma 2.8. Let X be a Noetherian scheme and define the subcategories of the triangulated
category MX by
(MX)/0 :=
{
[E → 0]
∣∣∣E ∈ h(Dbcoh(X))} ,
(MX)0/ :=
{
[0→ E]
∣∣∣E ∈ h(Dbcoh(X))} , and
(MX)s :=
{
[id : E → E]
∣∣∣E ∈ h(Dbcoh(X))} .
The triangulated category MX has three semiorthogonal decompositions:
〈(MX)s, (MX)/0〉,(2.3)
〈(MX)0/, (MX)s〉, and(2.4)
〈(MX)/0, (MX)0/〉.(2.5)
Proof. The first two decompositions follow from [11, Lemma 2.14]. Since j∗ is the left adjoint of
d0 and j! is the right adjoint of d1, we have canonical morphisms j∗◦d0(f)→ f and f → j!◦d1(f)
for f ∈MX . Then the sequence
j∗ ◦ d0(f) // f // j! ◦ d1(f) // j∗ ◦ d0(f)[1]
gives a distinguished triangle in MX since the triangulated structure on MX is defined object-
wise.
Note that (MX)/0 (resp. (MX)0/) is the essential image of j! (resp. j∗). The adjunction
d1 a j! implies
HomMX (j∗E, j!F ) ∼= HomDb(X)(d1 ◦ j∗(E), F ) = HomDb(X)(0, F ) = 0.
This gives the proof of (2.5) 
Remark 2.9. Let MX = 〈M1,M2〉 be one of semiorthogonal decompositions in Lemma 2.8.
Then both components M1 and M2 are equivalent to D
b(X) in any cases and equivalences are
respectively given by
(2.6)

s : Db(X)→ (MX)s
j! : D
b(X)→ (MX)/0
j∗ : Db(X)→ (MX)0/.
Throughout this note, we always identify Db(X) with components of semiorthogonal decompo-
sitions of MX .
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Let (cohX)∆
1
be the category of morphisms in the abelian category cohX of coherent sheaves
on X. The category (cohX)∆
1
is also abelian, and we obtain the bounded derived category
Db
(
(cohX)∆
1
)
by the localization of quasi-isomorphisms.
Proposition 2.10 ([11, Corollary 6.2]). Let X be a Noetherian scheme. The triangulated
category Db
(
(cohX)∆
1
)
is equivalent to MX . In particular the category MX has a natural
bounded t-structure (M≤0X ,M
≥1
X ) whose heart is equivalent to the abelian category (cohX)
∆1.
Remark 2.11. (1) We refer to the t-structure (M≤0X ,M
≥1
X ) as the canonical t-structure on
MX .
(2) If X is Spec k of a field k then (cohX)∆
1
is nothing but the abelian category of finite
dimensional representations of the A2 quiver.
(3) The same assertion as Lemma 2.8 is proven in [13, Proposition 3.4], but notation are
different from ours. To avoid a confusion, we wrote the proof.
3. Stability conditions on affine schemes
We study the space of stability condition on the derived category of an affine Noetherian
scheme.
Lemma 3.1. Let R be a Noetherian domain with dimR > 0. Suppose that an R-module M
satisfies the following condition
• The morphism µr : M →M is an isomorphism for any r ∈ R \ {0}.
Then M is zero.
Proof. Suppose to the contrary that M 6= 0. The assumption implies ann(M) = (0). Thus the
support of M is SpecR = X.
One can choose r ∈ R = H0(X,OX) such that r is not unit in R since dimX > 0. Since the
morphism µr : M → M is an isomorphism, we have M ⊗R/(r) = 0. Thus SuppM is a proper
closed subset of X and this gives a contradiction. Hence M is zero. 
Lemma 3.2. Let R be a Noetherian ring. Suppose that an R-module M satisfies the condition
(Ism). Then the following holds.
(1) ann(M) is a prime ideal.
(2) If M is non-zero, then ann(M) = ann(m) for any m ∈ M \ {0}. In particular ann(M)
is the unique associated prime of M .
(3) If M is non-zero, then dim Supp(M) = 0.
Proof. Suppose that ab ∈ ann(M) and a 6∈ ann(M). Then µab = µaµb is the zero morphism.
Since µa is an isomorphism by the condition (Ism), µb has to be zero and b is in ann(M)
Clearly we have ann(M) ⊂ ann(m) for any m ∈ M \ {0}. Let r be in ann(m). Then µr is
not isomorphism. The condition (Ism) implies that µr is zero. Thus we see ann(M) = ann(m).
The last part of the second assertion is obvious.
To complete the proof, we show the assertion (3). Let p be the prime ideal ann(M). If p
is not maximal, M satisfies the condition (Ism) as R/p-modules and we have dimR/p > 0.
Then Lemma 3.1 implies M = 0. Hence p has to be maximal and we see dim Supp(M) =
dim Supp(R/p) = 0. 
Lemma 3.3. Let R be a Noetherian ring with dimR > 0. Suppose that an object E ∈
Db(SpecR) satisfies the condition (Ism). If E is non-zero then dim Supp(E) = 0.
Proof. Let µir : H
i(E) → H i(E) be the i-th cohomology of the morphism µr : E → E. Note
that µir is also the multiplication by r on H
i(E). Since E satisfies the condition (Ism), so does
H i(E) if H i(E) 6= 0. Thus Lemma 3.2 implies dim SuppH i(E) = 0 and we have the desired
assertion. 
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Theorem 3.4. Let X be an affine Noetherian scheme with dimX > 0. Then the set StabDb(X)
is empty.
Proof. We denote by R the coordinated ring H0(X,OX) of the affine scheme X. Suppose to the
contrary that there exists a locally finite stability condition σ ∈ StabDb(X). Since σ is locally
finite, there exists a σ-stable object A ∈ Db(X).
Note that any nonzero endomorphism ϕ : A → A is an isomorphism in Db(X). Thus A
satisfies the condition (Ism) via the morphism (2.1). Hence we see dim Supp(A) = 0 for any
σ-stable object by Lemma 3.3.
Taking the Harder-Narasimhan filtration and a Jordan-Ho¨lder filtration, the structure sheaf
OX is given by a successive extension of finite σ-stable objects {Ai}ni=1. Thus we have X =⋃n
i=1 SuppAi and this gives a contradiction since dimX 6= 0. 
Thus if dimX > 0 then there is nothing to study StabDb(X). Next goal is to describe
StabDb(X) for the case dimX = 0.
Lemma 3.5. Let D be a triangulated category, and A the heart of a bounded t-structure
(D≤0,D≥1). The truncation functors with respect to the t-structure are respectively denoted by
τ≤0 : D → D≤0 and τ≥1 : D → D≥1. The cohomology of E ∈ D with respect to the t-structure
is denoted by H i(E).
Suppose an object E ∈ D satisfies
τ≥m1+1E = 0 and τ≤m2−1E = 0.
Then HomD(E,E[m2 −m1]) ∼= HomD(Hm1(E), Hm2(E)).
Proof. For the simplicity, we may assume m2 = 0 by shifts, if necessary.
The truncation functors give a distinguished triangle
(τ≥1E)[−1] // τ≤0E // E // τ≥1E.
Since E[m1] belongs to D
≤0, we have HomD(E[m1], τ≥1E) = HomD(E[m1], (τ≥1E)[−1]) = 0.
Thus we see
HomD(E[m1], E) ∼= HomD(E[m1], τ≤0E).
There is a distinguished triangle
τ≤−1(E[m1]) // E[m1] // τ≥0(E[m1]) // τ≤−1(E[m1])[1].
The assumption implies τ≤0E ∈ D≥0. Then the vanishings
HomD(τ≤−1 (E[m1]), τ≤0E) = HomD (τ≤−1(E[m1])[1], τ≤0E) = 0
imply the isomorphism:
HomD(E[m1], τ≤0E) ∼= HomD (τ≥0(E[m1]), τ≤0E) .
Since τ≤0E (resp. τ≥0(E[m1])) is nothing but H0(E) (resp. Hm1(E)), we obtain the desired
assertion. 
Lemma 3.6. Let R be a zero-dimensional Noetherian local ring. Then StabDb(SpecR) is
non-empty.
Proof. Put X = SpecR. Recall that any object in coh(X) is given by a successive extension
of the residue field R/m. Hence one can define a group homomorphism Z : K0(D
b(X)) → C
by Z(R/m) = −1. Then the pair σ = (coh(X), Z) has the Harder-Narasimhan property in the
sense of [7, Definition 2.3] since any object in coh(X) is σ-semistable. Thus σ is a stability
condition on Db(X) by [7, Proposition 5.3]. The locally finiteness is obvious since the abelian
category coh(X) is Artinian and Noetherian. Thus StabDb(SpecR) is not empty. 
Proposition 3.7. Let R be a zero-dimensional Noetherian local ring. Then StabDb(SpecR) is
isomorphic to C.
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Proof. Let us denote by m the maximal ideal of R. If once we show that R/m is stable for
all stability conditions on Db(SpecR), the same argument in [11, Proposition 3.7] implies the
desired assertion.
We claim that any stable object A for a stability condition is a sheaf up to shifts. To show
the claim set m1 and m2 by m1 = max{i ∈ Z | H i(A) 6= 0} and m2 = max{i ∈ Z | H i(A) 6= 0}.
It is enough to show that m1 −m2 = 0.
Next we have to show that A is R/m up to shifts. Lemma 3.3 implies that the support of the
stable object A ∈ Db(SpecR) is annihilated by the maximal ideal m. Hence each cohomology
of A with respect to the standard t-structure is an R/m-module. Since A is stable we have
Hom(A,A[−m]) = 0.
for any positive integer m. Since the cohomologies of A are vector spaces over the field R/m,
they are isomorphic to the direct sums of R/m. Hence m2 −m1 is zero by Lemma 3.5. Thus
A is isomorphic to the direct sum (R/m)⊕r up to shifts. Since any non-zero endomorphism is
invertible, A is isomorphic to R/m up to shifts. 
Theorem 3.8. Let X be an affine Noetherian scheme with dimX = 0. Then StabDb(X) is
isomorphic to Cn where n is the number of points in X.
Proof. Let R be the coordinate ring H0(X,OX). Recall that R is the finite product of Noether-
ian local rings {Ri}ni=1 with dimRi = 0. Then the derived category Db(X) has the orthogonal
decomposition
Db(X) =
n⊕
i=1
Db(SpecRi),
and the space StabDb(X) is the finite product of {StabDb(SpecRi)}ni=1 by [10, Proposition
5.2]. Hence StabDb(SpecR) is isomorphic to Cn by Proposition 3.7. 
Corollary 3.9. Let X be an affine Noetherian scheme. The space StabDb(X) is not empty if
and only if dimX = 0.
Proof. The proof is clear from Theorems 3.4 and 3.8. 
4. Stability conditions on morphisms
Basically we are interested in a relation between StabDb(X) and StabMX . One of motivated
problems is Problem 1.1. We first study the non-emptiness of StabMX for an affine Noetherian
scheme X.
Proposition 4.1. Let X be an affine Noetherian scheme. Then StabMX is not empty if and
only if dimX = 0.
Proof. Assume dimX = 0. Then StabDb(X) is not empty by Proposition 3.8. So [11, Theorem
1.2] implies that StabMX is not empty.
Assume that dimX is positive. Take f ∈ MX which is stable with respect to a stability
condition on MX . Note that there is a morphism of algebras via term-wise multiplication:
µ : HomDb(X)(OX ,OX)→ HomMX (f, f).
In particular diµ : dif → dif is also the multiplication. Since f satisfies the condition (Ism),
so does dif ∈ Db(X) (i ∈ {0, 1}). Lemma 3.3 implies that the objects dif supported in closed
points of X. This gives a contradiction by the same reason in Theorem 3.4. 
Corollary 4.2. Let X be an affine Noetherian scheme. The following are equivalent.
(1) The dimension of X is zero,
(2) StabDb(X) is non-empty, and
(3) StabMX is non-empty.
Proof. The proof is clear from Corollary 3.9 and Proposition 4.1. 
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Remark 4.3. If dimX is positive, then both StabDb(X) and StabMX are empty. In particular
they are homotopy equivalent to each other.
Now we further study StabMX when X is the affine scheme of a zero-dimensional Netherian
local ring R. To simplify notation, we introduce the following:
Definition 4.4. Let R be a zero-dimensional Noetherian local ring with maximal ideal m and
let k be the residue field R/m. The categories of morphisms in Db(Spec k) is denoted by M0.
We denote by AR (resp. A0) the heart of the standard t-structure (M≤0R ,M≥1R ) on MR (resp.
(M≤00 ,M
≥1
0 ) on M0).
The main theorem of this section is Theorem 4.8 below. Let i : Spec k → SpecR be the
closed embedding. The exact functor i∗ : coh(Spec k)→ coh(SpecR) induces a functor
A0 → AR
which is also exact. Thus we obtain the functor
M0 →MR.
By abusing notation, we denote by i∗ these induced functors.
Lemma 4.5. The functor i∗ : M0 →MR is faithful.
Proof. It is enough to show that the natural morphism
(4.1) ip∗ : HomM0(f, g[p])→ HomMR(i∗f, i∗g[p])
is injective for any f and g ∈ M0, and for any integer p. Recall that any object in M0 is the
finite direct sum of shifts of objects in A0. Hence we can assume both f and g are in A0 without
loss of generality.
Since the global dimension of A0 is 1, the left hand side in (4.1) vanishes for p 6∈ {0, 1}.
Now the claim for p = 0 is obvious since i0∗ is an isomorphism. In addition i1∗ is injective since
i∗ : A0 → AR is exact and commutes with direct sums. 
Lemma 4.6. Let f and g be in A0. If HomMR(i∗f, i∗g[p]) is zero for p ∈ {0, 1}, then
HomMR(i∗f, i∗g[p]) = 0
holds for any p ∈ Z.
Proof. Recall that any object in A0 is the direct sum of indecomposable objects in A0 and any
indecomposable object in A0 is one of the following:
s(k) = [id : k→ k], j!(k) = [k→ 0], or j∗(k) = [0→ k].
It is enough to prove the claim when f and g are indecomposable.
Lemma 4.5 implies HomM0(f, g[p]) = 0 for p ∈ {0, 1}. Then the pair (i∗(f), i∗(g)) has to be
one of the following:
(i∗(f), i∗(g)) = (j∗(k), j!(k)) , (s(k), j∗(k)) , or (j!(k), s(k)) .
Suppose (i∗f, i∗g) = (j∗(k), j!(k)). Recall that j∗ is the left adjoint of d0. Hence we see
HomMR(j∗(k), j!(k)[p]) ∼= HomDb(SpecR)(k, d0 ◦ j!(k)[p]) = HomDb(SpecR)(k, 0) = 0.
Similarly one can prove the claim for (i∗(f), i∗(g)) = (s(k), j∗(k)) by using the adjunction
s a d1.
Finally suppose that (i∗(f), i∗(g)) = (j!(k), s(k)). The adjunction d0 a s implies
HomMR(j!(k), s(k)[p])
∼= HomDb(SpecR)(d0 ◦ j!(k),k[p]) = HomDb(SpecR)(0,k[p]) = 0.
We have finished the proof. 
Proposition 4.7. Let σ be a locally finite stability condition on MR. If f ∈ MR is σ-stable,
then f is, up to shifts, one of the following:
(4.2) s(k) = [id : k→ k], j!(k) = [k→ 0], and j∗(k) = [0→ k].
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Proof. By the argument in Proposition 4.1, each i-th cohomology H i(f) of f with respect to
the t-structure (M≤0R ,M
≥1
R ) is in A0. It is enough to show that f is in A0 up to shifts. In fact,
if f is in A0 and stable then f is indecomposable by [11, Lemma 3.3]. Since there are only 3
indecomposable objects in A0 listed in (4.2), we have the desired assertion.
Without loss of generality, assume that f satisfies
0 = min{j ∈ Z | Hj(f) 6= 0}.
Put ` = max{j ∈ Z | Hj(f) 6= 0} and it is enough to show that ` = 0.
Assume ` = 1. Now we claim HomMR(H
1(f), H0(f)[1]) = 0. Recall that there is a distin-
guished triangle
H0(f)
τ0 // f
τ1 // H1(f)[−1] // H0(f)[1]
by the truncation for the canonical t-structure. If HomMR(H
1(f), H0(f)[1]) 6= 0, then there
exists a non-zero morphism ϕ : H1(f)[−1] → H0(f). Then the composite ϕ˜ = τ0 ◦ ϕ ◦ τ1 is a
non-zero endomorphism of f since f is in M≤1R ∩M≥0R . Then the σ-stability of f implies that ϕ˜
is an isomorphism. On the other hand ϕ˜ ◦ ϕ˜ is zero by HomMR(H0(f), H1(f)[−1]) = 0. Thus
HomMR(H
1(f), H0(f)[1]) has to be zero if ` = 1.
Recall the spectral sequence given by
(4.3) Ep,q2 =
⊕
i∈Z
HomMR(H
i(f), H i+q(f)[p])⇒ HomMR(f, f [p+ q]) = Ep+q.
Since we are assuming ` = 1, we see E0,−12 ∼= E0,−1∞ . By the σ-stability of f , the vanishing
HomMR(f, f [−1]) = 0 implies that HomMR(H1(f), H0(f)) is zero. Then Lemma 4.6 implies
the vanishings
HomMR(H
1(f), H0(f)[p]) = 0 (∀p ∈ Z).
Thus f has to be split. Since f is indecomposable by [11, Lemma 3.3], this gives a contradiction.
Hence we see ` 6= 1.
Next assume ` ≥ 2. By the spectral sequence (4.3), we see E0,−`2 ∼= E0,−`∞ and E1,−`2 ∼= E1,−`∞ .
Then the vanishing HomMR(f, f [−n]) = 0 for any n ∈ N imply E0,−`2 = E1,−`2 = 0. By Lemma
4.6, we have HomMR(H
`(f), H0(f)[p]) = 0 for any p ∈ Z. Thus Ep,−`2 = 0 holds for any integer
p. By induction on q, one can see the following
(4.4) E0,q2 = 0 for q < 0 and E
1,q
2 = 0 for q < −1.
Then the following hold by (4.4) :
(4.5)

HomMR(H
`(f), H0(f)[q]) = 0 ∀q ∈ Z
HomMR(H
`(f), Hj(f)) = 0 0 < j < `
HomMR(H
j(f), H0(f)) = 0 0 < j < `.
Since each cohomology is in the heart A0 and both H0(f) and H`(f) are non-zero, we see
Hj(f) = 0 for 0 < j < `. Thus we obtain the distinguished triangle
H0(f) // f // H`(f)[−`] // H0(f)[1].
The first vanishing in (4.5) implies that f is the direct sum H0(f)⊕H`(f)[−`] and this gives a
contradiction. Hence ` has to be zero. 
Theorem 4.8. Let i : Spec k→ SpecR be the closed embedding. The following hold.
(1) Dom(i∗−1) = StabMR
(2) i∗−1 : StabMR → StabM is an isomorphism as complex manifolds.
(3) StabMR is isomorphic to C2.
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Proof. We first show Dom(i∗−1) ⊃ StabMR. Take σ ∈ StabMR arbitrary. It is enough to show
that i∗−1σ defined by (2.2) has the Harder-Narasimhan property for any f ∈M0.
Note that an indecomposable object in M0 is also, up to shifts, one of the objects in (4.2) since
the global dimension of A0 is 1. If f and g in M0 has the Harder-Narasimhan filtration with
respect to i∗−1σ, one can construct the Harder-Narasimhan filtration of the direct sum f ⊕ g.
So it is necessary to show that any indecomposable object f ∈M0 has the Harder-Narasimhan
filtration.
Since σ is locally finite, any objet in MR is given by a successive extension of finite σ-stable
objects. Thus the classes of σ-stable objects generate K0(MR) ∼= K0(Db(SpecR))⊕ 2. Since
rankK0(MR) = 2, two of the objects f1 and f2 in (4.2) should be σ-stable. If the other object g
in (4.2) is semistable then any indecomposable object in M0 has the trivial Harder-Narasimhan
filtration for i∗−1σ.
We have to discuss three cases of g. Note that there is the following distinguished triangle of
the objects in (4.2):
(4.6) j∗(k) // s(k) // j!(k) // j∗(k)[1]
There is no loss of generality in assuming that
(4.7) (f1, f2) =

(s(k), j!(k)[−1]) if g = j∗(k)
(j∗(k)[1], s(k)) if g = j!(k)
(j!(k), j∗(k)) if g = s(k).
Then we have the distinguished triangle from the triangle (4.6) in each cases:
(4.8) f2 // g // f1 // f2[1].
Moreover the triplet (f1, f2, g) corresponds to three semiorthogonal decomposition of MR in
Lemma 2.8
Let φi be the phase of the stable object fi. Since HomMR(f1, f2[1]) is non-zero, the stability of
f1 and f2 implies φ1 < φ2 +1. If φ2 > φ1, then the filtration (4.8) gives the Harder-Narasimhan
filtration of g. If φ2 = φ1, then g = s(k) is semistable by (4.8). If φ2 < φ1, then the inequality
φ2 < φ1 < φ2 + 1 holds. Without loss of generality we can assume that the heart P(0, 1] of σ is
the extension closure generated by f1 and f2 by G˜L
+
2 (R)-action. Then the non-trivial subobject
of g is only f2. Hence g is stable by φ2 < φ1. Thus, if g = s(k), then σ is in Dom(i∗−1) and we
have Dom(i∗−1) = StabMR.
Since Dom(i∗−1) = StabMR, the map i∗−1 : StabMR → StabM0 is not only continuous but
also holomorphic. Thus it is enough to show that i∗−1 is bijective since the spaces are complex
manifolds.
For the subjectivity, let σ0 = (Z0,P0) be in StabM0. Then two of the objects listed in
(4.6) has to be σ0-stable. Hence there are three possibilities of two objects (f1, f2). Without
loss of generality we can assume that the pair (f1, f2) is (4.7). Note that these pairs generate
semiorthogonal decompositions of not only of M0 but also of MR listed in (2.3), (2.4) and (2.5)
respectively.
Then, in any cases, the pair satisfies
HomMR(f2, f1[p]) = 0 (∀p)
HomMR(f1, f2[p]) = 0 (p ≤ 0)
HomMR(f1, f2[1]) 6= 0.
Let n be the minimal integer which is greater than or equal to φ2−φ1. Using the identification
(2.6), define stability conditions σi = (Zi,Pi) on Db(SpecR) by
P1(0, 1] = coh(SpecR), Z1(k) := Z0(f1), and
P2(0, 1] = coh(SpecR)[−n], Z2(k) := Z0(f2).
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Note that both σ1 and σ2 are reasonable by Remark 2.5. Since the set of phases of semistable
objects for σi is discrete, the second condition in Lemma 2.6 is automatic. Then the gluing sta-
bility condition σ := gl (σ1, σ2) with respect to the corresponding semiorthogonal decomposition
on MR satisfies i∗−1σ = σ0. Hence i∗−1 is surjective.
For the infectivity, let τ1 and τ2 be stability conditions on MR. If i∗−1(τ1) = i∗−1(τ2) =: τ0,
then there exist two indecomposable objects f1 and f2 in M0 which are stable in τ0 and whose
phases are in the interval (0, 1]. Since the heart of τi is the extension closure of f1 and f2, we
see τ1 = τ2.
Finally the third assertion follows from [14]. In fact, StabM0 is isomorphic to C2 by [14].
Thus the isomorphism i∗−1 : StabMR
∼→ StabM0 implies the assertion. 
Remark 4.9. The argument above gives an alternative proof of Proposition 3.7 as follows.
Since the global dimension of k is zero, the functor i∗ : Db(Spec k)→ Db(SpecR) is faithful.
By the same argument in the proof of Theorem 4.8, we see StabDb(SpecR) = Dom(i∗−1). Thus
we obtain a holomorphic map
i∗−1 : StabDb(SpecR)→ StabDb(Spec k).
Then one can easily see that i∗−1 is surjective and injective. Thus i∗−1 gives an isomorphism
between StabDb(SpecR) and StabDb(Spec k).
Corollary 4.10. Let R be a zero-dimensional Noetherian ring. The spaces StabMR is isomor-
phic to C2n where n is the number of points of SpecR.
Proof. By the assumption, R is the direct product
∏n
i=1Ri of zero-dimensional Noetherian
local ring {Ri}ni=1. Then MR has the orthogonal decomposition MR =
⊕
MRi and StabMR
is isomorphic to the product
∏n
i=1 StabMRi by [10, Proposition 5.2]. Since each StabMRi is
isomorphic to C2, we have the desired assertion. 
Corollary 4.11. Let R be an Noetherian ring. The spaces StabMR and StabD
b(SpecR) are
homotopy equivalent.
Proof. Suppose dimR > 0. By Corollary 4.2, both are empty sets.
Suppose dimR = 0. Let n be the number of points in SpecR. Then StabDb(SpecR) is
isomorphic to Cn by Theorem 3.8. In particular StabDb(SpecR) is contractible. By Corollary
4.10, StabMR is isomorphic to C2n. Hence StabMR is also contractible and we have finished
the proof. 
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